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Abstract
In this paper, we establish some multiplicity results for the following Neumann problem:{−div(|∇u|p−2∇u)+ λ(x)|u|p−2u= α(x)f (u) in Ω,
∂u/∂ν = 0 on ∂Ω.
The multiple solutions are obtained by combining an existence theorem recently proved by G. Anello
and G. Cordaro with well-known critical point theorems.
 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
Here and in the sequel, Ω ⊂ RN (N  1) is a bounded open set with boundary of
class C1, f : R → R is a continuous function, α ∈ L1(Ω) \ {0}, α(x)  0 a.e. in Ω ,
λ ∈L∞(Ω) with ess infΩ λ > 0, p >N .
In this paper we are interested in multiplicity results for the following Neumann
problem:{−div(|∇u|p−2∇u)+ λ(x)|u|p−2u= α(x)f (u) in Ω,
∂u/∂ν = 0 on ∂Ω, (P)
where ν is the outward unit normal to ∂Ω .
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Let us recall that a weak solution of (P) is any u ∈W 1,p(Ω) such that∫
Ω
∣∣∇u(x)∣∣p−2∇u(x)∇v(x) dx + ∫
Ω
λ(x)
∣∣u(x)∣∣p−2u(x)v(x) dx
−
∫
Ω
α(x)f
(
u(x)
)
v(x) dx = 0
for all v ∈W 1,p(Ω).
There is a wide literature that deals with multiplicity results for such a problem in the
case 1 <p <N . We refer, for instance, to [4] and references therein for details.
We find papers dealing with multiple solutions of nonlinear boundary value problem of
the type{−u′′ = f (t, u), t ∈]0,π[, u ∈R,
u′(0)= σ1, u′(π)= σ2.
In [5], the author assumes that f is a continuous “jumping” nonlinearity with nonnegative
asymptotic limits. More specifically he requires that
f (t, u)
u
→
{
µ as u→−∞,
ν as u→+∞,
where µ and ν are nonnegative parameters and the above limits are uniform in t . We
observe that Theorem 2.2 below is completely different from the ones mentioned above
because of a superlinear behaviour of f .
In [6] the authors investigate the number of solutions of the one-dimensional homoge-
neous Neumann problem{
u′′ + g(u)= s + h(t), t ∈]0,π[, u ∈R,
u′(0)= u′(π)= 0
under the assumption of the existence of limu→+∞ g′(u) or the requirement that g′(u)
increases from negative to positive as u increases. We show our different approach with an
example where we stress the contrast between our conditions and those of Hart, Lazer and
McKenna.
2. Results
Our first result is as follows:
Theorem 2.1. Assume that:
(1) there exist σ > 0, ξ0 ∈R with |ξ0|< σ/‖λ‖1/pL1(Ω) such that
F(ξ0)= sup
|ξ |cσ
F (ξ),
where
182 F. Faraci / J. Math. Anal. Appl. 277 (2003) 180–189
F(ξ)=
ξ∫
0
f (t) dt
and
c= sup
u∈W 1,p(Ω)\{0}
supx∈Ω |u(x)|
(
∫
Ω
|∇u(x)|p dx + ∫
Ω
λ(x)|u(x)|p dx)1/p ;
(2)
lim sup
|ξ |→+∞
F(ξ)
|ξ |p <
1
pcp‖α‖L1(Ω)
;
(3) there exists ξ¯ ∈R such that
F(ξ¯ )− sup
|ξ |cσ
F (ξ) >
‖λ‖L1(Ω)
p‖α‖L1(Ω)
|ξ¯ |p.
Then, (P) admits at least three solutions in W 1,p(Ω).
Proof. Let us introduce some notations. We endow W 1,p(Ω) with the norm
‖u‖ =
(∫
Ω
∣∣∇u(x)∣∣p dx + ∫
Ω
λ(x)
∣∣u(x)∣∣p dx)1/p
which is equivalent to the usual one. For each u ∈W 1,p(Ω) put
Ψ (u)= 1
p
‖u‖p,
Φ(u)=−
∫
Ω
α(x)F
(
u(x)
)
dx.
Since p > N , W 1,p(Ω) is compactly embedded in C0(Ω¯). This implies that the
constant c is finite and that the functionals Ψ and Φ are well-defined, sequentially weakly
lower semicontinuous and Gâteaux differentiable in W 1,p(Ω).
In particular we have
Ψ ′(u)(v)=
∫
Ω
(∣∣∇u(x)∣∣p−2∇u(x)∇v(x)+ λ(x)∣∣u(x)∣∣p−2u(x)v(x))dx,
Φ ′(u)(v)=−
∫
Ω
α(x)f
(
u(x)
)
v(x) dx
for all v ∈W 1,p(Ω), and so each critical point of Ψ +Φ is a (weak) solution of (P).
The existence of a first solutions of problem (P) is proved by applying Theorem 2.1 of
a recent paper by Anello and Cordaro (see [2]): by hypothesis (1) and the proof of that
theorem in which the authors use the variational principle established by Ricceri in [8],
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the restriction of Ψ + Φ to the open ball of radius σ , centered at zero, has a minimum,
say w0. Consequently, w0 is a critical point for Ψ +Φ , and so a solution of (P) satisfying
‖w0‖< σ .
We claim now that the functional Ψ +Φ is coercive in W 1,p(Ω). Since (2) holds, there
exist two constants a, b ∈ R with
0 < a <
1
pcp‖α‖L1(Ω)
(1)
such that F(ξ) a|ξ |p + b for all ξ ∈R.
Fix u ∈ W 1,p(Ω). We have that F(u(x))  a|u(x)|p + b for all x ∈ Ω . Then, since
α(x) 0 a.e. in Ω ,∫
Ω
α(x)F
(
u(x)
)
dx  a
∫
Ω
α(x)
∣∣u(x)∣∣p dx + b‖α‖L1(Ω)
 a‖α‖L1(Ω)‖u‖pC0(Ω) + b‖α‖L1(Ω)  acp‖α‖L1(Ω)‖u‖p + b‖α‖L1(Ω).
So,
Ψ (u)+Φ(u)
(
1
p
− acp‖α‖L1(Ω)
)
‖u‖p − b‖α‖L1(Ω).
By Eq. (1) the last member goes to infinity, as ‖u‖→+∞.
We give now a lower estimate of the functional Ψ + Φ on the closed ball centered
at zero of radius σ , B¯(0, σ ). Let us choose u ∈ W 1,p(Ω), ‖u‖  σ . We deduce that
‖u‖C0(Ω¯)  cσ , and
Φ(u)=−
∫
Ω
α(x)F
(
u(x)
)
dx −‖α‖L1(Ω) sup|ξ |cσ F (ξ)=−‖α‖L1(Ω)F (ξ0).
Then,
inf
u∈B¯(0,σ )
(Ψ +Φ)(u) inf
u∈B¯(0,σ )
Ψ (u)+ inf
u∈B¯(0,σ )
Φ(u)−‖α‖L1(Ω)F (ξ0).
The functional Ψ + Φ is weakly sequentially lower semicontinuous and coercive in a
reflexive Banach space. Hence it has a global minimum, say w1. If we denote by w¯ the
constant function on Ω taking the value ξ¯ , by (3) we have
Ψ (w¯)+Φ(w¯)= 1
p
‖λ‖L1(Ω)|ξ¯ |p −
∫
Ω
α(x)F (ξ¯ ) dx
= 1
p
‖λ‖L1(Ω)|ξ¯ |p − ‖α‖L1(Ω)F (ξ¯ ) <−‖α‖L1(Ω)F (ξ0).
So, w1 = w0. Since w1 is a minimum of Ψ + Φ , then it is a critical point of the same
functional, i.e., a solution of problem (P).
Another critical point of the functionalΨ +Φ is obtained applying a well-known result
due to Pucci and Serrin (see [7]).
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Let us check the Palais–Smale condition (PS) forΨ +Φ . We have thatΨ +Φ is coercive
and it is easily seen that Φ ′ is compact. Proposition 1 of [3] ensures that Ψ ′ admits a
continuous inverse on (W 1,p(Ω))'. Therefore, by Example 38.25 of [11], we deduce that
Ψ +Φ has the (PS) property.
Our conclusion follows by Corollary 1 of [7] which gives a third solution of prob-
lem (P). ✷
Example 1. Let γ > 1, p > max{γ,N}, λ(x)= 1 and letΩ be a convex set whose diameter
is less than or equal to N1/p((p−N)/(p− 1))1−1/p.
Then, there exists a constant depending on γ , say cγ , such that for each α ∈ L1(Ω),
with α(x) 0, a.e. in Ω , and ‖α‖L1(Ω) > cγ , the problem{−div(|∇u|p−2∇u)+ |u|p−2u= α(x)|u+ 1|γ sin(u+ 1) in Ω,
∂u/∂ν = 0 on ∂Ω
has at least three solutions.
First of all we observe that under the hypotheses above we have the following estimate
(see, for instance, [1]):
c
(
2p−1
meas(Ω)
)1/p
,
where meas(Ω) denotes the measure of Ω .
Put f (t)= |t + 1|γ sin(t + 1) and F(ξ)= ∫ ξ0 f (t) dt .
(1) is satisfied with σ = (π − 1/2)(meas(Ω))1/p, ξ0 = π − 1. It is easy to check that
lim sup
|ξ |→+∞
F(ξ)
|ξ |p = 0.
(3) holds with ξ¯ = (3π − 1), and ‖α‖L1(Ω) > cγ where
cγ = 1
p(F(3π − 1)− F(π − 1)) (3π − 1)
p meas(Ω).
Remark 2.1. In [6] the one-dimensional homogeneous Neumann problem{
u′′ + g(u)= s + h(t), t ∈]0,π[, u ∈R,
u′(0)= u′(π)= 0
is studied under convenient hypotheses on g′. If we put h= 0 and g(u)= αf (u)− u+ s,
with α > 0 sufficiently large, we obtain the following Neumann problem:{−u′′ + u= αf (u), u ∈ R,
u′(0)= u′(π)= 0.
Choose f (u)= (u+ 1) sin(u+ 1). Hence, F(ξ)=−(ξ + 1) cos(ξ + 1)+ sin(ξ + 1)+
cos 1− sin 1. The hypotheses of Theorem 2.1 are satisfied with N = 1, p > 1.
Since g′(u)= αf ′(u)− 1 =−(u+ 1) cos(u+ 1)+ sin(u+ 1)− 1, we have
lim sup
u→±∞
g′(u)=+∞, lim inf
u→±∞g
′(u)=−∞,
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and the results of [6], where the authors assume that limu→+∞ g′(u) exists or that g′(u)
increases from negative to positive as u increases are not applicable.
In the following result we require that the functional Ψ +Φ has the (PS) property, but
it is not coercive.
It is possible to apply again the result by Pucci and Serrin but we cannot assure the
existence of the global minimum for our functional.
Theorem 2.2. Assume that:
(1) there exist σ > 0, ξ0 ∈R with |ξ0|< σ/‖λ‖1/pL1(Ω) such that
F(ξ0)= sup
|ξ |cσ
F (ξ);
(2) there exist q > p, R0 > 0 such that
0 < qF(ξ) f (ξ)ξ
for all ξ , |ξ |R0.
Then, (P) admits at least two solutions in W 1,p(Ω).
Proof. As in the proof of Theorem 2.1, there is a solution w0 ∈ W 1,p(Ω) of (P), with
‖w0‖< σ .
We want to prove now that the functional Ψ +Φ satisfies (PS) condition and that it is
unbounded below.
Let {un} ⊆W 1,p(Ω) satisfy the following conditions:
(i) supn∈N |Ψ (un)+Φ(un)|<M ,
(ii) limn∈N ‖Ψ ′(un)+Φ ′(un)‖(W 1,p(Ω))' = 0.
The last condition implies that there exists ν ∈ N such that for all v ∈W 1,p(Ω) and n > ν∣∣Ψ ′(un)(v)+Φ ′(un)(v)∣∣< ‖v‖.
Hence,
qM + ‖un‖ q
(
Ψ (un)+Φ(un)
)−Ψ ′(un)(un)−Φ ′(un)(un)
= q
p
‖un‖p − q
∫
Ω
α(x)F
(
un(x)
)
dx − ‖un‖p
+
∫
Ω
α(x)f
(
un(x)
)
un(x) dx
=
(
q
p
− 1
)
‖un‖p −
∫
Ω
α(x)
[
qF
(
un(x)
)− f (un(x))un(x)]dx.
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By hypothesis (2) we have that, if n > ν,∫
Ω
α(x)
[
qF
(
un(x)
)− f (un(x))un(x)]dx
=
∫
{x∈Ω: |un(x)|R0}
α(x)
[
qF
(
un(x)
)− f (un(x))un(x)]dx
+
∫
{x∈Ω: |un(x)|>R0}
α(x)
[
qF
(
un(x)
)− f (un(x))un(x)]dx
 max
|ξ |R0
(
qF(ξ)− f (ξ)ξ)‖α‖L1(Ω).
Put c0 = max|ξ |R0(qF (ξ)− f (ξ)ξ).
Hence, if n > ν,(
q
p
− 1
)
‖un‖p  ‖un‖ + qM + c0‖α‖L1(Ω),
from which {un} is bounded in W 1,p(Ω). So, there exists a subsequence that we still denote
by {un}, weakly convergent to some u ∈W 1,p(Ω).
Hence, there exists a constant c1 such that ‖un − u‖ c1 for each n ∈N.
By (ii), in correspondence of an arbitrary ε > 0, there exists ν ∈ N such that for all
v ∈W 1,p(Ω) and n > ν,∣∣Ψ ′(un)(v)+Φ ′(un)(v)∣∣< ε
c1
‖v‖.
Hence, |Ψ ′(un)(un − u)+Φ ′(un)(un − u)|< ε for n > ν, that is
lim
n→+∞
[
Ψ ′(un)(un − u)+Φ ′(un)(un − u)
]= 0.
Since W 1,p(Ω) is compactly embedded in C0(Ω¯), {un} converges to u in C0(Ω¯). It is
easy to show that the Lebesgue dominated convergence theorem implies that
lim
n→+∞Φ
′(un)(un − u)= lim
n→+∞
(
−
∫
Ω
α(x)f
(
un(x)
)(
un(x)− u(x)
)
dx
)
= 0,
and so
lim
n→+∞Ψ
′(un)(un − u)= 0. (2)
Since Ψ ′(u) is a linear and continuous functional on W 1,p(Ω), we have also
lim
n→+∞Ψ
′(u)(un − u)= 0. (3)
We claim that {un} converges strongly to u in W 1,p(Ω). Observe that if x, y ∈ RN and
〈·, ·〉 denotes the standard inner product in RN , there exist two positive constants cp and
c¯p such that
〈|x|p−2x − |y|p−2y, x − y〉
{
cp|x − y|p if p  2,
cp
|x−y|2
(|x|+|y|)2−p if p  2.
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Thus, referring to [10] for details,
Ψ ′(un)(un − u)−Ψ ′(u)(un − u)
{
cp‖un − u‖p if p  2,
c¯p
M2−p ‖un − u‖2 if p  2,
for each n ∈N, where
M = max
{
‖u‖, sup
n∈N
‖un‖
}
.
Our claim follows immediately by Eqs. (2) and (3).
Let us check that Ψ +Φ is unbounded below. By our assumption
ξ |ξ |q ∂
∂ξ
(|ξ |−qF (ξ))=−qF(ξ)+ f (ξ)ξ  0
for all ξ , |ξ |R0; and so, if ξ R0, F(ξ)R−q0 F(R0)|ξ |q ; if ξ −R0, F(ξ)R−q0 ×
F(−R0)|ξ |q , that is
F(ξ)R−q0 min
{
F(−R0),F (R0)
}|ξ |q = c2|ξ |q,
with c2 =R−q0 min{F(−R0),F (R0)}> 0 (on the strength of (2)), |ξ |R0.
Choose now a function u ∈W 1,p(Ω) \ {0}, with infΩ u > 0, µ> R0/(infΩ u).
Ψ (µu)+Φ(µu)= µ
p
p
‖u‖p −
∫
Ω
α(x)F
(
µu(x)
)
dx
 µ
p
p
‖u‖p − c2µq
∫
Ω
α(x)
∣∣u(x)∣∣q dx.
Since q > p, the last member goes to −∞, as µ→+∞.
Our conclusion follows by the Theorem 1 of [7]: there exists a point w2 ∈W 1,p(Ω)
different from w0, that is a critical point of Ψ +Φ , i.e., a solution of (P). ✷
Remark 2.2. We remark that hypothesis (2) implies that the function f is superlinear in
both directions. Namely, (2) implies that
lim
ξ→±∞
f (ξ)
ξ
=+∞.
The following theorem is a multiplicity result in the special case N = 1, p = 2. In the
Hilbert space H 1( ]0,1[ ) it is possible to use an existence result by Schechter and Tintarev.
For the reader’s convenience, we recall its statement.
Proposition [9, Corollary of Theorem 2.5]. Let g be a weakly continuous Freche´t differ-
entiable map from an infinite dimensional real Hilbert space H to R. Define, for t  0,
St =
{
x ∈H : ‖x‖2 = t}, γ (t)= sup
u∈St
g(u).
Let t0 > 0 such that γ (t0) is not a maximum for γ . Then, there exists ρ > 0 such that
g′(u)= ρu has a solution u with ‖u‖2 > t0.
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We deduce the following result:
Theorem 2.3. Let Ω =]0,1[, p = 2. Suppose that f : R → R is a continuous function,
α ∈L1( ]0,1[ )\ {0}, α(t) 0 a.e. in ]0,1[, λ ∈ L∞( ]0,1[ ) with ess inf]0,1[ λ > 0. Assume
that:
(1) there exists σ > 0, ξ0 ∈ R with |ξ0|< σ/‖λ‖1/2L1( ]0,1[ ) such that
F(ξ0)= sup
|ξ |cσ
F (ξ);
(2) there exists ξ¯ ∈R, such that
F(ξ¯ ) > sup
|ξ |cσ
F (ξ).
Then, there exists ν > 0 such that the Neumann problem{−u′′ + λ(t)u= να(t)f (u) in ]0,1[,
u′(0)= u′(1)= 0 (Pν)
admits at least two solutions in H 1( ]0,1[ ).
Proof. Put X = H 1( ]0,1[ ), Ψ (u) = (1/2) ∫ 10 (|u′(t)|2 + λ(t)|u(t)|2) dt = (1/2)‖u‖2,
Φ(u) = − ∫ 10 α(t)F (u(t)) dt. We remark that critical points of Ψ + νΦ are exactly the
solutions of u+ νΦ ′(u)= 0.
By Theorem 2.1 of [2], there exists a solution w0 ∈ X of (Pν) with ‖w0‖ < σ . Let us
apply the Proposition above with g = −Φ , t0 = σ 2, t1 = |ξ¯ |2‖λ‖2L1( ]0,1[ ). We claim that
γ (t0) < γ (t1).
Fix u ∈ X such that ‖u‖ = σ. Then ‖u‖C0([0,1])  cσ , where c is defined as in
Theorem 2.1. By (2) it follows that
sup
‖u‖=σ
1∫
0
α(t)F
(
u(t)
)
dt  sup
|ξ |cσ
1∫
0
α(t)F (ξ) dt
= ‖α‖L1( ]0,1[ ) sup|ξ |cσ
F (ξ) < ‖α‖L1( ]0,1[ )F (ξ¯ ) sup
‖u‖=√t1
1∫
0
α(t)F
(
u(t)
)
dt,
that is
sup
‖u‖2=t0
−Φ(u) < sup
‖u‖2=t1
−Φ(u).
Hence, we deduce the existence of ρ > 0 such that Φ ′(u) + ρu = 0 has a solution
w1 ∈H 1( ]0,1[ ), with ‖w1‖> σ. Put ν = 1/ρ. Thus, w1 is a second solution of (Pν ). ✷
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Example 2. Let γ > 2. Then, for each α ∈ L1( ]0,1[ ) \ {0}, α(t)  0 a.e. in ]0,1[, there
exists ν > 0 such that the Neumann problem{−u′′ + u= να(t)|u+ 1|γ sin(u+ 1) in ]0,1[,
u′(0)= u′(1)= 0
admits at least two solutions.
Put f (t) = |t + 1|γ sin(t + 1) and F(ξ) = ∫ ξ0 f (t) dt . Hypothesis (1) is fulfilled with
σ = π − 1/2, ξ0 = π − 1 (see Example 1); hypothesis (2) holds with ξ¯ = 5π − 1.
We observe that
lim sup
|ξ |→+∞
F(ξ)
ξ2
=+∞.
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